We analyze the possible occurrence of ferromagnetism in the Hubbard model, by means of an exact diagonalization study performed on 3-to 8-site chains with periodic boundary conditions. In the case of one hole in the half-filled configuration, we find that the Nagaoka state is reached only in the 3-and in the 4-site case. Ground states characterized by unsaturated ferromagnetism are found when the case of more than one hole is considered.
Introduction
The problem of ferromagnetism in systems of itinerant electrons is a topic of great current interest in condensed matter physics. One of the theoretical models considered as a good starting point to investigate this intriguing problem is certainly the Hubbard model.
In the framework of this model some rigorous examples of ferromagnetism have been obtained for special choices of the lattice and of the electron filling. Only for one-dimensional systems with open boundary conditions the situation is relatively simple: indeed, the theorem of Lieb and Mattis [1] ensures that the ground state is never ferromagnetic. In presence of a hard-core repulsion between electrons, if the dynamically allowed permutations are all even, there is one among the ground states that has a maximal spin S equal to half of the number of electrons (saturated ferromagnetism) [2] . Besides, if the lattice obeys a certain connectivity condition [3] (which is not satisfied for example in the one-dimensional case for a number of sites greater than 4) and there is exactly one hole, the ferromagnetic ground state is unique apart from the degeneracy due to the global SU (2) invariance of the Hubbard Hamiltonian. This is the well-known Nagaoka theorem.
A unique ground state that may have a macroscopic but not saturated value for the spin is also obtained for the Hubbard model on a bipartite lattice if the number of electrons is equal to the number of sites. This result is contained in the theorem of Lieb [4] , which provided the first example of itinerant-electron ferromagnetism under no assumption of infinite on-site repulsion.
Another rigorous example is represented by the flat-band ferromagnetism in a multiparticle ground state that Mielke [5] has proven to exist in the Hubbard model when the single-particle ground state is Nd-fold degenerate for filling less than Na.
Finally, a proof of the existence of ferromagnetic ground states for the Hubbard model on a complete graph has been given recently: for one electron added to the half-filled configuration the ground state is maximally ferromagnetic, while for larger fillings the ground state is ferromagnetic but degenerate with respect to the total spin S [6] .
In this paper we study the possible occurrence of ferromagnetism in the Hubbard model on a ring by means of a previously developed [7] exact diagonalization procedure, based on the simultaneous application of the translational invariance and of the two distinct spin and pseudospin SU (2) symmetries. We investigate the spin properties of the ground state for chains up to 8 sites for any filling and in configurations not covered by the general results previously mentioned.
Model
The starting point is the Hubbard Hamiltonian on a ring where we assume cN+1,σ ci" . Here and hereafter N and Ne denote the number of sites and the number of electrons, respectively. It is well-known that this Hamiltonian has two independent SU(2) symmetries in spin and pseudospin space [10] , which involve the spin and the charge degrees of freedom, respectively. The first one, which reflects the invariance of H under spin rotation, is the ordinary SU (2) symmetry in spin space, characterized by the generators The second SU (2) symmetry can be generated by a particle-hole transformation involving only one kind of spin, say ci|, -> (-)ich, which maps at half filling the repulsive-U Hubbard model into the attractive-U one. The fact that this latter model also shows rotational symmetry in its spin space implies that the Hamiltonian (1) is invariant under the action of a second group, that we denote by SU (2) , whose generators are Finally, the Hamiltonian (1) commutes with the translation operator T, which in turn commutes with S2 , SZ , J2 and J. This implies that the eigenstates of H can be classified in terms of the eigenvalues of the five above-mentioned operators.
Results and discussion
Applying the method developed in Ref. [7] , we diagonalize the Hamiltonian (1) expressing its eigenstates as linear combinations of vectors of the form |S, S, J, JZ , P) for N even, and |S, Sz , Jz , P) for N odd, where eiP is the eigenvalue of T (P is thus the total momentum). J is not a good quantum number in the case of N odd, because J2 commutes with H only on bipartite lattices.
In the case of one hole in the half-filled configuration, we find that the Nagaoka state is only reached in the 3-site ring, for any positive value of U, and in the 4-site ring, for Ul t larger than a critical value which is approximately equal to 10. This special behaviour, absent in any other larger ring, is to be seen as deriving from the anomalous one-dimensional nature of the 3-and the 4-site ring: in the 3-site case the physics is essentially equivalent to that of the Hubbard model with infinite range hopping [8] , whereas the 4-site ring represents the only case in which a ring satisfies the connectivity condition in the spin configuration space, as defined in Ref. [3] .
When we consider the 6-site ring, we find that the most favourable case for spin alignment is for Ne = 4 (or 8) (general results on the 6-site problem have been previously reported by Callaway et al. [9] ). In this case the triplet state has an energy lower than the singlet state, giving rise to unsaturated ferromagnetism for all positive U. This result and those for different fillings have a qualitative explanation in terms of the occupancy of single-particle levels. At U = O the singlet and the triplet state are degenerate. For every finite value of U this degeneracy is removed because the Coulomb repulsion on the one hand increases the energy of the singlet, but on the other hand has no effect on the triplet state, which is obtained filling with two electrons the lowest energy level and with two aligned spin the doubly degenerate next highest-energy level. This argument, which emphasizes the importance of degeneracy, can be regarded as an application of the spin Hund rule to the cluster, considered as a single structured atom in which, when spin degeneracy is resolved by the formation of multiplets, the energy is minimized in the state with maximum spin.
Referring again to the 6-site ring, for Ne = 3 (or 9) we have found a ferromagnetic saturated ground state above U/t 10. The same kind of behaviour has also been obtained in the case of a 8-site ring. This agrees with the result reported by Herring [11] , who has shown that the ground state of three electrons on an N-site chain with periodic boundary conditions is always ferromagnetic, if the interaction potential is symmetric and tends to infinite as the distance between the particles goes to zero. All the results concerning the 6-site ring and the 8-site ring are summarized in Table, where the ground state is specified in terms of the quantum numbers S and P. For the two geometries considered here P always takes the values 0, 2π/N and 4π/N. The changes in the momentum found both for the hexagon and the octagon in the case of odd Ne can be explained referring to known exact results obtained in the two limits U = O and U oo. For U = O the model becomes trivial and it is immediate to verify that the ground-state values of P are non-vanishing and equal to those reported in Table for small U/t. On the other hand, Bethe-ansatz exact results [12] indicate that for infinite U the P = O state is at any filling well separated in energy by the P # O states, thus implying that there must exist a finite value of U at which the ground-state value of P turns to zero. Moreover, we can see that the magnetic behaviour in the two geometries is essentially the same, apart from the case of one hole in the half-filled configuration, where unsaturated ferromagnetism appears only in the 8-site ring, as a consequence of the different degree of degeneracy characterizing the ground states at infinite U. The extension of this kind of analysis to larger rings and to bidimensional clusters will be the subject of a forthcoming paper.
